Abstract. We define the positive diameter of a finite group G with respect to a generating set A J G to be the smallest non-negative integer n such that every element of G can be written as a product of at most n elements of A. This invariant, which we denote by diam þ A ðGÞ, can be interpreted as the diameter of the Cayley digraph induced by A on G.
Introduction
Let G be a finite group and let A be a subset of G. Recall, that the subgroup generated by A in G is the smallest subgroup of G, containing A; in other words, it is the intersection of all subgroups containing A:
If hAi ¼ G, then A is called a generating set for G. Loosely speaking, the aim of this paper is to determine whether and how quickly A generates G, using only information about the cardinality of A.
Since eventually we restrict to the situation where G is abelian, we use additive notation throughout. Let A 0 :¼ A W f0g, and for every non-negative integer r define Note that the notion of a diameter allows a simple graph-theoretic interpretation. Indeed, for any x; y A G, the distance from x to y in the Cayley digraph induced by A on G is given by l þ A ðÀx þ yÞ, and thus diam þ A ðGÞ is the diameter of this digraph.
In this sense, diam
Under the assumption that G is abelian, we solve the first problem completely and we provide a partial answer to the second one. Our main results are collected in Section 2; the proofs are presented in Sections 3 to 7.
We remark that di¤erent notions of length and diameter result from considering all ''algebraic sums'' G a 1 G Á Á Á G a n , a i A A, at each step of generating the group G from its subset A. This approach, leading to a significantly di¤erent theory, was pursued in [7] . In the important ''classical'' case, where G is of exponent 2, the two approaches are identical; connections with caps, sum-free sets, and quasi-perfect codes for this special case are discussed in [7, Section 3] .
In fact, the problem of finding generating subsets A of a given finite group G such that both jAj and diam þ A ðGÞ are small has attracted much attention. Traditionally, most authors restrict their study to symmetric generating sets, i.e. generating sets which are closed under taking inverses. Asymptotic estimates of the diameters of non-abelian simple groups with respect to various types of (symmetric) generating sets can be found in the survey [2] , which also lists related work, e.g. on the diameters of permutation groups. Investigations related to the diameters of abelian (more generally nilpotent) groups and driven by the search for e‰cient communication networks can be found, for instance, in [1] and [6] .
As far as we know, this paper and its precursor [7] form the first steps towards a systematic study of the ''worst'' case, determining in particular the largest possible value of diam þ A ðGÞ for all, respectively all symmetric, generating subsets A J G. Moreover, the present paper is one of the very few, concentrating on asymmetric generating sets-which, we believe, can be of interest in the theory of network design.
Summary of results
Throughout this section let G denote a finite abelian group.
2.1. The absolute diameter. Up to isomorphism, every finite abelian group is characterized by its type. Suppose that G has type ðm 1 ; . . . ; m r Þ; that is, G G Z m 1 l Á Á Á l Z m r where 1 0 m 1 j Á Á Á jm r . The number r is called the rank of G and denoted rkðGÞ. A standard generating set for G is an ordered subset A ¼ fa 1 ; . . . ; a r g J G such that
If A is a standard generating set for G, then plainly diam 
(ii) There exists a standard generating set fe 1 ; . . . ; e r g for G with the following property: one can write A 0 ¼ f0; a 1 ; . . . ; a r g so that for each i A ½1; r, either a i ¼ e i , or a i ¼ e i þ a sðiÞ with sðiÞ A ½i þ 1; r.
Moreover, if G has type ðm 1 ; . . . ; m r Þ and if A is as in (ii), then every element g A G can be uniquely written as g ¼ P r i¼1 l i a i with l i A ½0; m i À 1 for all i A ½1; r, and then l
The assertion (ii) above describes a general procedure which allows one to construct any set A ¼ fa 1 ; . . . ; a r g with diam þ A ðGÞ ¼ diam þ ðGÞ from a suitable standard generating set fe 1 ; . . . ; e r g, starting from a r ¼ e r and working the way down to a 1 .
2.2.
The maximum size of large diameter sets. For abelian groups, Theorems 2.1 and 2.2 provide a complete solution of Problem P1. Now we address Problem P2; that is, we want to determine to what extent the size of a generating set guarantees fast generation.
Our aim is to find, for r A N, an upper bound for the sizes of generating sets A for
The significance of this invariant stems from the observation that every generating set A for G of size, larger than s In order to better understand s þ r ðGÞ we introduce a related and perhaps more fundamental invariant, t þ r ðGÞ; this requires a short preparation. We say that a subset A J G is r-maximal if it is maximal (under inclusion) subject to diam Recall that the period of a subset S J G is the subgroup pðSÞ :¼ fg A G : S þ g ¼ Sg a G, and S is periodic or aperiodic according to whether pðSÞ 0 f0g or pðSÞ ¼ f0g.
It is not di‰cult to see that r-maximal generating sets for a group G can be constructed by a ''lifting process'' from aperiodic r-maximal generating sets for the quotient groups of G.1 This shows that every r-maximal generating set is induced by an aperiodic one, and a natural point of view, therefore, is to consider aperiodic r-maximal generating sets as ''primitive'' and concentrate on their properties first. Accordingly, we let t þ r ðGÞ :¼ maxfjAj: A is an aperiodic r-maximal generating set for Gg:
A slightly simpler description of t þ r ðGÞ can be provided. Suppose that A J G is aperiodic and r-maximal, but hAi 0 G. Then, being r-maximal, A coincides with a maximal subgroup of G. Since A is aperiodic, we have A ¼ f0g, and G is cyclic of prime order. Thus any non-empty subset B J G, other than f0g, satisfies hBi 
1 Suppose that H y G, and let j : G ! G=H denote the canonical homomorphism. If A is a generating set for G=H with 0 A A, then the full pre-image A :¼ j À1 ðAÞ is a generating set for
ðG=HÞ and H a pðAÞ. Conversely, suppose that A is a generating set for G with 0 A A and H a pðAÞ. Then the image A ¼ jðAÞ is a generating set for G=H and diam 
Corollary 2.6. Let p be a prime and let r A ½2; p À 1. Then
The case of G arbitrary and r ¼ 4 remains partially open and deserves further comments. A remarkable result of Davydov and Tombak [4] motivated by coding theory and finite geometry applications (see [3, 5] and also [10] for some extensions) shows that
We notice that the first formula is considerably subtler than the second. Indeed, applying Lemma 2.3 one can easily compute s We obtain similarly explicit formulae for abelian groups, which are not of exponent 2, except that we have been unable to determine the exact value of t rÀ1 À 1Þ=2 for r b 2. It is our intention to give a comprehensive treatment in a separate paper.
General estimates for
þ ðGÞ b 5 is very di‰cult, if at all feasible. Indeed, it is likely that for increasing values of r, the dependence of t þ r ðGÞ and s þ r ðGÞ on the algebraic structure of G becomes overly complicated. Nevertheless, some general estimates in terms of r and jGj can be given; to some extent, these estimates compensate for the lack of explicit formulae as those we were able to provide for r a 4.
Proposition 2.8. Let G be a finite abelian group, and suppose that r b 2. Then
The next theorem determines the maximum possible cardinality of a generating set A with diam þ A ðGÞ b r and describes the structure of all sets A of this cardinality.
Theorem 2.9. Let G be a finite abelian group, and suppose that r b 4. Then s þ r ðGÞ a 2 rþ1 jGj. Moreover, equality holds if and only if G has a subgroup H such that G=H is cyclic of order r þ 1; indeed, the following assertions are equivalent:
where H is a subgroup of G such that G=H is cyclic of order r þ 1, and g is an element of G such that g þ H is a generator of G=H.
Our final result goes somewhat beyond Theorem 2.9, establishing the structure of those generating sets A with diam (ii) G=H is cyclic, its order satisfies r þ 1 a jG=Hj < 4 3 r, and g þ H generates G=H.
Organization and list of notation.
An important tool used in our arguments is Kneser's Theorem, stated in Section 3. The proofs of our results, presented above, are collected in Sections 4 to 7. In the Appendix we discuss an open problem, related to the quantity t þ r ðGÞ.
Generating abelian groups by addition only
For convenience we include a list of standard notation, used throughout the paper.
N, N 0 , and Z the sets of positive, non-negative, and all integers, respectively. For natural numbers m; r; n 1 ; . . . ; n r :
Z m the group Z=mZ of residues modulo m; gcdðn 1 ; . . . ; n r Þ the greatest common divisor of n 1 ; . . . ; n r .
For real numbers x, y: bxc the greatest integer not exceeding x; ½x; y the set of all integers n satisfying x a n a y.
For a group G, an element g A G, and a subset A J G: rkðGÞ the rank (i.e. the minimal number of generators) of G; ordðgÞ the order of g; hAi the subgroup of G, generated by A;
For a non-negative integer r and subsets A; A 1 ; . . . ; A r of an abelian group G:
Also, for integers m and n we write mjn to indicate that m divides n.
Kneser's Theorem
We recall here a fundamental result due to Kneser, used in the proofs of Proposition 2.8 and Theorems 2.9 and 2.10.
Theorem 3.1 (Kneser [8, 9] ; see also [11] ). Let A and B be finite, non-empty subsets of an abelian group G such that jA þ Bj a jAj þ jBj À 1:
Since, in the above notation, we have jA þ Hj b jAj and jB þ Hj b jBj, Kneser's Theorem shows that jA þ Bj b jAj þ jBj À jHj. A straightforward induction yields Corollary 3.2. Let A 1 ; . . . ; A r be finite, non-empty subsets of an abelian group G, and write H :
In particular, if A 1 þ Á Á Á þ A r is aperiodic, then
Proof of Theorem 2.1. First we verify the last assertion of the theorem; in view of Theorem 2.1, this also yields the implication from (ii) to (i). Suppose that fe 1 ; . . . ; e r g is a standard generating set for G with the property that A ¼ f0; a 1 ; . . . ; a r g, where for each i A ½1; r, either a i ¼ e i , or a i ¼ e i þ a sðiÞ with sðiÞ A ½i þ 1; r. We show that for every We now assume (i), i.e. diam þ A ðGÞ ¼ diam þ ðGÞ, and derive (ii), using induction on jGj. Clearly, there is nothing to prove if jGj ¼ 1, and we assume that jGj > 1.
Our first claim is that A contains an element of order m r ¼ expðGÞ. If m r is prime, then all non-zero elements of G are of order m r . Suppose now that m r is composite. Choose a prime p dividing m 1 , and note that m r =p > 1. Write G :¼ G=ðp Ã GÞ and let A be the image of A under the natural homomorphism G ! G. Now revisit the proof of Theorem 2.1:
Choose s A ½1; r so that
Then the group p Ã G is of type ðm s =p; . . . ; m r =pÞ and using the induction hypothesis, applied to this group and the generating set p Ã A, we write p Ã A ¼ f0; b s ; . . . ; b r g so that ordðb r Þ ¼ m r =p and every element of p Ã G has a (unique) representation as P r i¼s l i b i , where the coe‰-cients satisfy 0 a l i < m i =p for all i A ½s; r. We choose a r A A so that b r ¼ pa r and show that ordða r Þ ¼ m r . Suppose, for a contradiction, that ordða r Þ < m r . Then ordða r Þ is a proper divisor of m r while, at the same time, ordða r Þ is divisible by ordð pa r Þ ¼ m r =p. It follows that ordða r Þ ¼ m r =p and ha r i ¼ h pa r i; therefore every element of p Ã G has a (unique) representation as P rÀ1 i¼s l i b i þ l r a r with 0 a l i < m i =p for all i A ½s; r. Consequently, conferring to the proof of Theorem 2.1, we have
in contradiction to (i). Thus our claim is proved: A contains an element of order m r . The next step shows among other things that jAj ¼ r þ 1. Choose a A A with ordðaÞ ¼ m r . Recalling that in a finite abelian group every cyclic subgroup of maximal possible order admits a complement, we find a subgroup H a G such that G ¼ H l hai, and consequently
Applying the induction hypothesis to the group H, we find a standard generating set fh 1 ; . . . ; h rÀ1 g for H so that, writing A ¼ f0; a 1 ; . . . ; a rÀ1 g, for each i A ½1; r À 1 we either have a i ¼ h i , or a i ¼ h i þ a sðiÞ with sðiÞ A ½i þ 1; r. For every i A ½1; r À 1 fix arbitrarily a i A A with a i A a i þ hai, and let a r :¼ a.
Since every element of H can be written as P rÀ1 i¼1 l i a i with l i A ½0; m i À 1 for all i A ½1; r À 1, every element of G has a representation as P r i¼1 l i a i with l i A ½0; m i À 1 for all i A ½1; r. This shows that any g A G with g 0
In particular, it follows that A contains no elements, other than 0 and a 1 ; . . . ; a r .
Finally, we are ready to complete the proof of (ii). Since a i A h i þ ha iþ1 ; . . . ; a r i for all i A ½1; r À 1, the setÃ A :¼ fa 2 ; . . . ; a r g generates a proper subgroup K y G isomorphic to Z m 2 l Á Á Á l Z m r , which is complemented by hh 1 i in G. By (4.1) and Theorem 2.1 we have diam
. Therefore, applying the induction hypothesis to the group K and the generating setÃ A, we find a standard generating set fe 2 ; . . . ; e r g for K such that, renumbering the elements ofÃ A, if necessary, for each i A ½2; r we have either a i ¼ e i , or a i ¼ e i þ a sðiÞ with sðiÞ A ½i þ 1; r.
We consider two cases. If ordða 1 Þ ¼ m 1 , we put e 1 :¼ a 1 ; it is then immediate that fe 1 ; . . . ; e r g is a standard generating set for G, satisfying our requirements. Now assume that ordða 1 Þ > m 1 , and write a 1 ¼ m 1 h 1 þ P r i¼2 m i e i with m i A ½0; m i À 1 for all i A ½1; r. As G=K G Z m 1 , we have m 1 a 1 A K, and, applying induction to the group K, we obtain two expressions for m 1 a 1 : , and hence
This implies l j ¼ m 1 and l i ¼ 0 for i A ½ j þ 1; r; consequently we have m 1 a 1 ¼ m 1 a j . Putting e 1 :¼ a 1 À a j , we now obtain a standard generating set fe 1 ; . . . ; e r g for G which, clearly, satisfies the requirements. Conversely, let H y G and suppose that A is an aperiodic r-maximal generating set for G=H. Let A denote the full pre-image of A in G under the canonical homomorphism G ! G=H. Then A is a generating set for G with diam (ii) Suppose that diam þ ðGÞ b 2, or equivalently jGj > 2. Fix a non-zero element g A G and set A :¼ Gnfgg. Then A is aperiodic, generating, and hAi
Thus s þ 3 ðGÞ a bjGj=2c, and to complete the proof it su‰ces to construct an aperiodic generating subset A J G of cardinality jAj ¼ bjGj=2c such that hAi þ 2 0 G. Assume first that G has even order. Fix a subgroup H a G with jG=Hj ¼ 2 and choose an element g A GnH. Set A :¼ f0g W ðg þ HÞnfgg. Clearly, we have hAi ¼ G and jAj ¼ jGj=2. Moreover it is easily seen that hAi
In particular, 2A is aperiodic, and so is A. Now assume that G has odd order. Fix g A Gnf0g, and let h A G be the (unique) element satisfying 2h ¼ g. The set Gnfhg can be (uniquely) partitioned into ðjGj À 1Þ=2 pairs so that the two elements of each pair add up to g. Form a subset A J G by selecting one element out of each pair, subject to the requirement that 0 is selected (and therefore g is not). The construction ensures that jAj ¼ ðjGj À 1Þ=2 and
The following lemma prepares the proof of Proposition 2.8 which, in turn, is used to prove Theorem 2.5.
Lemma 5.1. Let A be a r-maximal subset of a finite abelian group G, where r A ½2; diam þ ðGÞ. Then pðAÞ ¼ pðhAi þ t Þ for all t A ½1; r À 1.
Since A is r-maximal, we have A 0 ¼ A; consequently, hAi þ t ¼ tA holds for every t A ½1; r À 1, and hence pðAÞ a pðhAi
by maximality of A we have A þ H ¼ A, whence H a pðAÞ. r
Proof of Proposition 2.8. Let A be an aperiodic r-maximal subset of G. By Lemma 5.1 we have pðhAi Set k :¼ bðm À 2Þ=ðr À 1Þc, so that k b 1 in view of r a m À 1. By Proposition 2.8, we have t þ r ðZ m Þ a k þ 1. Therefore, it su‰ces to exhibit a r-maximal aperiodic subset A J Z m of cardinality jAj b k þ 1. Put B :¼ f0; 1; . . . ; kg J Z m , and let A be a r-maximal subset of Z m , containing B. It is enough to show that A is aperiodic; in fact this will imply that A ¼ B.
Writing H :¼ pðAÞ, we obtain
Now hBi þ rÀ1 ¼ f0; 1; . . . ; ðr À 1Þkg and in particular
ðm À 2Þ 2ðr À 1Þ þ 1 ¼ m=2:
6 4-maximal sets: proof of Theorem 2.7
We begin with an easy consequence of Proposition 2.8.
Lemma 6.1. Let G be a finite abelian group, and let n A N. If n j expðGÞ and n a jGj=3, then t þ nþ1 ðGÞ ¼ jGj=n.
Proof. By Proposition 2.8 it su‰ces to construct an aperiodic ðn þ 1Þ-maximal generating set A for G of cardinality jAj ¼ jGj=n.
Clearly, there is a surjective homomorphism from G onto the group Z n . Let H be the kernel of this homomorphism, so that H is a proper subgroup of G with jHj b 3. Choose g A G such that g þ H generates G=H, and put A :¼ f0g W ðg þ HÞnfgg. Evidently, we have jAj ¼ jHj ¼ jGj=n, and jHj b 3 implies that hAi ¼ G. Furthermore, hAi Our guiding idea is that in many situations these inequalities are sharp. 
where G 1 is cyclic of order m 1 1 ðmod 3Þ and rkðG 2 Þ ¼ rkðGÞ À 1. To simplify the notation we assume that G 1 ¼ Z m . Then A 1 :¼ f0; 1; . . . ; ðm À 4Þ=3g is an aperiodic 4-maximal subset of G 1 with jA 1 j ¼ ðjG 1 j À 1Þ=3. By induction we find an aperiodic 4-maximal subset A 2 J G 2 with jA 2 j ¼ ðjG 2 j À 1Þ=3. We define
Clearly, we have jAj ¼ jA 1 j jG 2 j þ jA 2 j ¼ ðjGj À 1Þ=3 and hence A is aperiodic. Moreover, it is easily seen that GnhAi and it remains to establish the reverse inequalities. Assuming first that hðGÞ 0 0, we find H a G such that expðG=HÞ 0 2, jG=Hj 1 2 ðmod 3Þ, and jHj ¼ hðGÞ. Considering the prime factorization of jG=Hj, we see that there are three possibilities: ðGÞ ¼ jGj=3. Finally, suppose that hðGÞ ¼ 0 and that 3 does not divide jGj. Then, clearly, jGj has no odd prime divisors congruent to 2 modulo 3, and jGj is not a power of 2. (If G were a 2-group, then, because diam þ ðGÞ b 4 and G is not of exponent 2, we could map G onto Z 8 or Z 4 l Z 2 in contradiction to hðGÞ ¼ 0.) Consequently, jGj has at least one prime divisor congruent to 1 modulo 3, and so 2 does not divide jGj at all. Thus every (prime) divisor of jGj is congruent to 1 modulo 3, and the claim follows again from (i). To this end, in addition to our earlier assumption that A is a generating set for G with diam þ A ðGÞ b r, we assume that jAj ¼ 2 rþ1 jGj. Then (7.2) yields A ¼ A 0 þ H, and this set is the union of exactly two H-cosets. Consequently, A ¼ H W ðg þ HÞ with some g A GnH. Since A generates G, the quotient group G=H is cyclic and generated by g þ H. Since S fkg þ H : 0 a k a r À 1g ¼ hAi (ii) G=H is cyclic of order r þ 1 a jG=Hj a contrary to the assumptions. Exactly as before, the quotient group G=H is cyclic of order at least r þ 1, and there exists g A G such that g þ H is a generator of G=H and as required. r
In fact one can go further and, given e > 0, describe in a similar way the structure of those generating sets A for G which satisfy diam þ A ðGÞ b r and jAj > ð1 þ eÞjGj= ðr À 1Þ. Indeed, in this case A 0 þ H consists of Oðe À1 Þ H-cosets. However, for small e the description is likely to become quite complicated.
